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Background

• One of the main sources of uncertainty in analysing risk and 
return properties of fixed income portfolios is the stochastic 
evolution of the shape of the term structure of interest rates

• Diebold et al. (2006) – The macro economy and the yield 
curve: a dynamic latent factor approach
• three factor term structure model (Nelson-Siegel, 1987)
• level, slope and curvature – Diebold & Li (2006)
• macro-economic factors (real activity, inflation and 

monetary policy)
• Model South African term structure using a Kalman filter 

approach
• Four latent factors and macro-economic factors 

(capacity utilisation, inflation and repo-rate)
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Yields-only model

• Factor model approach 

• Represent larger set of yields as a function of a smaller set 

of unobservable factors

• Nelson-Siegel (Nelson & Siegel, 1987)

• Level, slope and curvature (Diebold & Li, 2002)
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• Transition equation 
- modeled as VAR(1)

• Measurement
equation

• Matrix Notation

Yields-only model
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• Linear least-squares optimality of the Kalman filter

• Q assumed to be non-diagonal and H assumed to be 
diagonal

• BEASSA – Perfect fit bond curve
• Maturities – 1, 2, 3, 6, 9, 12, 15, 18, 21, 24, 36, 48, 60, 72, 84, 96, 108,

120, 132, 144, 156, 168, 180, 192, 204, 216, 228 months
• End of month data form April 2000 through April 2008

Yields-only model
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• Parameter estimation

• transition matrix A (9 parameters)

• mean state vector µ (3 parameters)

• measurement matrix Λ (1 parameter)

• covariance matrix Q (6 parameters)

• covariance matrix H (27 parameters)

• 46 Parameters

• Maximize Gaussian likelihood function

• SAS (Proc NLP and Proc IML)

Yields-only model
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• Estimated 
A matrix

• Estimated 
Q matrix

Yields-only model
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• Level, slope and curvature

Yields-only model
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• Level    [Empirical level = (y3 + y24 + y228)/3]

Yields-only model
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• Slope [Empirical slope = (y3 - y228)]

Yields-only model
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• Curvature [Empirical curvature = (2y24 – y3 - y228)]

Yields-only model
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• Measurement 
errors

Yields-only model
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Yields-only model
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• Four factor model
• Svensson (Svensson, 1994)

• factor representation

Yields-only model
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• Four factor model: Svensson vs Nelson-Siegel

Yields-only model
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• Estimated 
A matrix
(eigenvalues < 1)

• Estimated 
Q matrix

Yields-only model



2008 CONVENTION    23 – 24 OCTOBER

• Measurement 
errors

Yields-only model
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• Level

Yields-only model
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• Slope

Yields-only model
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• Characterise the unobservable factors in terms manufacturing 
capacity utilisation, annual price inflation and repo-rate

• parameter matrices are increased as appropriate

Yields-macro model
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• Estimated A matrix

Yields-macro model
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• Estimated Q matrix

Yields-macro model
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• Measurement 
errors

Yields-macro model
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• 1 year out-of-sample testing

• 2 year out-of-sample testing

Out-of-sample testing
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• 3 year out-of-sample testing

• 4 year out-of-sample testing

Out-of-sample testing
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Scenario generation
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Scenario generation
• Simulation and clustering approach (Gülpmar et al., 2004) 

• Interest rate sampling algorithms (Chueh, 2002)
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Scenario generation
Step 1: Create a root node group containing  scenarios. Generate all the 

scenarios using Monte Carlo simulation and the four-factor yields-macro 
model. Each scenario is equally likely and consists of T sequential yield 
curves. 
(In total T×N yield curves are generated.)

Step 2: For each group in the previous stage, calculate the mean scenario and 
calculate the relative position of each scenario with respect to the average 
scenario.

Step 3: For each group, sort the scenarios in descending distance order and 
group them into  equal sized groups. 

Step 4: For each new group, find the scenario closest (in absolute value) to its 
centre, and designate it as the centroid. Assign a probability of  to each 
centroid.
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Are these scenarios trees arbitrage free?

• Klaassen (2002) shows that arbitrage opportunities can be 
detected ex post. 

• Filipović (1999) showed that the Nelson-Siegel family of yield 
curve models does not impose absence of arbitrage.

• Christensen et al. (2007) derives a class of arbitrage-free affine 
dynamic term structure models that approximate the Nelson-
Siegel yield curve specification.

• Christensen et al. (2008) extends these models to include the 
Svensson yield curves.  

• Their modification can be seen as a change of the slope of the 
yield curve.
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Scenario generation

• We propose a method to reduce the presence of arbitrage ex 
post, without extending our models to the class of arbitrage-
free models.

• This approach has no additional effect on the computational 
difficulty of the model estimation process or the data 
requirements.

• We also determine an overall slope change such that our yield 
curves passes Klaassen’s test.

• After introducing a small bid/ask spread and transaction costs 
no arbitrage oppurtunities remain.
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Back-testing
• Implemented the minimum guarantee return fund problem of  

Dempster et al. (2004)
• An asset and liability management framework for a simple 

example of a closed-end guaranteed fund where no contributions 
are allowed after the initial cash outlay. 

• Demonstrate the design of investment products with a guaranteed 
minimum rate of return focusing on the liability side of the product.

• Different tree structures
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Back-testing
• Back-testing results

90
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Conclusion
• Estimated and characterised the South African term structure with respect to 

macro-economic variables 
• Estimated a model that incorporates four yield curve factors (level, slope and 

two curvature factors) and macro-economic variables (real activity, inflation 
and the stance of monetary policy) 

• Model fits the term structure reasonably well in-sample and performs 
reasonably well in out-of-sample forecasting 

• Better performance can be realised by including the investors expected view 
on the repo-rate

• Proposed a parallel simulation approach for yield curve scenario tree 
generation

• Performance is measured by out-of-sample back-testing in terms of the value 
of a fixed income portfolio optimization problem described in the literature 

• The results demonstrate a reasonably sound way to generate stable yield 
curve scenario trees
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Thank you

Helgard.Raubenheimer@nwu.ac.za

Machiel.Kruger@nwu.ac.za

“Shortcuts can slow you down”, Jack Johnson

mailto:Helgard.Raubenheimer@nwu.ac.za
mailto:Machiel.Kruger@nwu.ac.za
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